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Abstract. Finite element modelling of airfield two-layer rigid pavement can be provided in program LIRA. FEM programs 
FEAFAA, FAARFIELD, ILLI-SLAB, ABAQUS do not provide finite element model of two-layer concrete pavement on the 
stabilized base. The maximum bending moment of upper slab computed by LIRA is more than the bending moment comput-
ed by SNiP. Finite element model of multi-slab jointed two-layer rigid pavement for program LIRA allows analyzing pave-
ment with or without separator layer and under impact of new large aircrafts all main landing gears. 
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Introduction 
In Ukraine conventional airfield rigid pavement of 
the international airports is two-layer concrete pavement 
on the stabilized base that’s why finite element analysis is 
important for airfield rigid pavement design under impact 
of the main landing gears of new large aircrafts (A380, 
B747-8). 
There are different programs for airfield rigid 
pavement finite element analysis such as FEAFAA, 
FAARFIELD, ILLISLAB, ABAQUS but they do not 
provide finite element model of two-layer concrete 
pavement on the stabilized base that’s why the finite ele-
ment method (FEM) software LIRA has been selected for 
that purpose.   
1. FEM software 
FEAFAA (Finite Element Analysis – Federal Avia-
tion Administration) was developed by the FAA Airport 
Technology R&D Branch as a stand-alone tool for three-
dimensional (3D) finite element analysis of multiple-slab 
airfield rigid pavements. It is useful for computing accu-
rate responses (stresses, strains and deflections) of rigid 
pavement structures to individual aircraft landing gear 
loads. The major features of FEAFАА are: from single- 
to nine-slab jointed rigid pavement model, infinite sub-
grade model and arbitrary gear loading capability (Ham-
mons 1998). 
FAARFIELD (Federal Aviation Administration 
Rigid and Flexible Iterative Elastic Layered Design) de-
signs the slab thickness based on the assumption of edge 
loading. The gear load is located either tangent or per-
pendicular to the slab edge, and the larger of the two 
stresses, reduced by 25 percent to account for load trans-
fer through the joint, is taken as the design stress for de-
termining the slab thickness. The program computes only 
the thickness of the concrete layer. The major features of 
FAARFIELD are: 1-slab rigid pavement model, infinite 
subgrade model, arbitrary gear loading capability, failure 
model. 
ILLI-SLAB (Illinois Slab) is the two-dimensional 
(2D) finite element analysis (FEA) program. It provides 
nine slabs with joints. Two-dimensional shell finite ele-
ments are used to represent slab layer. Subgrade model is 
represented by Winkler’s hypothesis (Roesler 2007). User 
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cannot create two-layer slab on the conventional (sand or 
crushed aggregate) or stabilized base. 
Abaqus FEA (formerly ABAQUS) is the general 
purpose finite element program. One of the salient fea-
tures of Abaqus FEA is its use of the library concept to 
create different models by combining different solution 
procedures, element types, and material models (Brill 
1998). 
LIRA (it is not abbreviation) is the general purpose 
finite element program that was developed in Kyiv 
(Ukraine). 
2. Finite element modelling of joints 
A rigid pavement system consists of a number of 
Portland cement concrete (PCC) slabs finite in length and 
width over one or more base and subbase layers. When a 
slab is subjected to a wheel load, it develops bending 
stresses and distributes the load over the base. However, 
the response of these finite slabs is controlled by joint. 
Two methods are used to provide load transfer across 
concrete pavement joints – aggregate interlock and dow-
els. Aggregate interlock joints are formed during pave-
ment construction by sawing 1/3 of the way through the 
pavement. Dowels are smooth rods, generally plainer 
epoxy-coated steel, which are usually oiled on side to 
allow the joints to open and close without resistance. 
Finite element modelling of airfield rigid pavement 
can be provided in program LIRA that is the general pur-
pose finite element method software. Multiple-slab joint-
ed rigid pavement model includes nine slabs that are 
illustrated in Fig. 1. Longitudinal joint of pavement can 
include aggregate interlock or tie bars. Transverse joint 
include dowel bars. Joints between adjacent slabs are 
spring connection. The ideal spring connection would be 
one that provides a vertical spring force proportional to 
the relative vertical displacement between adjacent slab 
edges but does not constrain movement in any other di-
rection (Fig. 2). 
For an aggregate interlock load transfer mechanism, 
the joint stiffness is prescribed by the parameter k, which 
defines the force transmitted per unit length along the 
joint per unit differential deflection across the joint. For 
the dowel load transfer mechanism, k is defined as 
(Hammons 1998). 
 
s
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where: s is the dowel spacing. 
 
 
Fig. 1. Nine-slab jointed rigid pavement model: 1 – Portland 
cement concrete slab; 2 – longitudinal joint with aggregate 
interlock or tie bars; 3 – transverse joint with dowel bars; 4 – 
wheel loading (aircraft main landing gear) 
 
Fig. 2. Joint finite element model: 1 – shell finite element; 2 – 
node; 3 – FE 55 
The value of D depends upon the vertical stiffness 
caused by the support of the concrete, called the dowel-
concrete interaction (DCI), and a vertical stiffness caused 
by beam bending. These two spring stiffnesses are 
summed as springs in series as follows (Hammons 1998): 
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The value of DCI is based on assuming the dowel to 
be a beam on a spring foundation and is given by the 
following relationship (Hammons 1998): 
   ,2
4 3
dd IEDCI 
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   (3) 
where: ω is the width of the joint opening, m; Ed is 
Young modulus (elasticity modulus), МPа; Id is the dow-
el inertia moment, m4.  
The term β is identical to that used by Friberg 
(Hammons 1998) 
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where: K is the modulus of dowel support, МN/m3; d  is 
the dowel diameter, m. 
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The term C in equation (2) is defined by the rela-
tionship (Hammons 1998): 
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where: Gd is the shear modulus of the dowel bar, MPa; Az 
is the effective cross-sectional area in shear, m2. 
The shear modulus of the dowel bar Gd is defined by 
(Hammons 1998): 
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where: d is Poisson’s ratio. 
The term Az is the effective cross-sectional area in 
shear and is assumed to be 0.9 times the circular area as 
follows (Hammons 1998): 
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Once k has been established, it is necessary to dis-
tribute the stiffness to the nodes along the joint in a ra-
tional manner. One method of allocating the stiffness to 
the nodes is by using the concept of contributing area, 
which is commonly used in structural analysis. In this 
method the stiffness values assigned to each node, RZ 
(stiffness of FE 55), are determined based upon the length 
that contributes to the stiffness of the node. For equally 
spaced nodes in a 2D model, the nodes along a joint may 
be categorized into one of two types: interior nodes and 
edge nodes. Edge nodes are those which occupy the ends 
of the joint, while all other nodes are interior nodes. 
Based upon the concepts of contributing area, the stiff-
ness of the interior nodes Rz must be twice that of the 
edge nodes Rz,e. If the length of the joint is given by L, 
and the number of nodes along the joint is given by n, 
then: 
  1 n
kL
RZ , (8) 
 ZeZ RR  5,0, . (9) 
where: L is the length of the joint, n is the number of 
nodes along the joint.  
For unequally spaced nodes in a 2D model the stiff-
ness of the interior nodes Rz is defined as: 
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where: ai-1, ai+1 are spaces between nodes, m. 
3. Finite element modelling of two-layer rigid 
pavement 
Two-dimensional shell finite elements are used to 
represent the upper and lower concrete slab of two-layer 
rigid pavement and stabilized base. Subgrade model is 
Winkler foundation.  
The upper and lower concrete slabs are unbounded 
layers with or without the separator layer. Polyethylene 
sheeting, thin chip seal or slurry seals can be used as 
separators. 
Compression of interacting layers of multi-layer rig-
id pavement is described by compression ratio. If the 
separator layer is located between rigid pavement layers 
compression ratio is defined by (Totskyi et al. 1982): 
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where: Ei, Ei+1 are the elasticity moduluses of a rigid 
pavement layers, MPa; E is the elasticity modulus of the 
separator layer, MPa; hi, hi+1 are the thicknesses of a rigid 
pavement layers, m; h is the thickness of the separator 
layer, m; 1 is the reduced Poisson’s ratio of the separator 
layer. 
The reduced Poisson’s ratio of the separator layer is 
defined by the relationship (Totskyi et al. 1982): 
 





1
2
1
2
1 ,   (12) 
where:  is Poisson’s ratio of the separator layer. 
For two-layer rigid pavement equation (11) is as fol-
low: 
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where: Eup is the elasticity modulus of upper layer, MPa; 
El is the elasticity modulus of lower layer, MPa; hup is the 
thickness of upper layer, m; hl is the thickness of lower 
layer, m. 
Compression ratio of the separator layer between 
lower layer and stabilized base is defined as: 
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where: El is the elasticity modulus of lower layer, MPa; hl 
is the thickness of lower layer, m; Ef is the elasticity 
modulus of stabilized base, MPa; hf is the thickness of 
stabilized base, m.  
The separator layer is proposed to model by FE 262 
of the program LIRA finite element library. Finite ele-
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ments FE 262 model the separate layer as independent 
axial springs which have stiffness in the vertical direction 
Z only.  
Two-layer rigid pavement with the separator layer 
and stabilized base is shown in Fig. 3. 
 
Fig. 3. Finite element model of two-layer rigid pavement:  
1 – shell finite element that models upper and lower concrete 
slabs; 2 – shell finite element on a Winkler foundation that 
models stabilized base; 3 – finite element FE 262 that models 
the separator layer between upper and lower concrete slab;  
4 – finite element FE 262 that models the separator layer 
between lower concrete slab and stabilized base 
The stiffness values assigned to each node, R (stiff-
ness of FE 262 of the program LIRA finite element li-
brary), are determined based upon the area that 
contributes to the stiffness of the node. For equally 
spaced nodes of shell finite element mesh, the nodes may 
be categorized into one of four types: interior nodes, edge 
nodes and corner nodes. Based upon the concepts of con-
tributing area, the stiffness of the interior nodes R must be 
twice that of the edge nodes Re; the stiffness of the edge 
nodes Re must be twice that of the corner nodes Rc. 
The stiffness of FE 262 between upper and lower 
layers of rigid pavement is defined by the relationship: 
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where: L is the slab length, m; B  is the slab width, m; nr 
is the number of node rows in slab finite element model; 
nk is the number of node columns in slab finite element 
model.  
The stiffness of FE 262 between upper and lower 
layers of rigid pavement is defined as: 
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For unequally spaced nodes in a shell finite element 
model the stiffness of the interior nodes R is defined as 
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where: a1, a2, b1, b2 are spaces between nodes as shown in 
Fig. 4. 
 
Fig. 4. Scheme for the FE 262 stiffness determining (case of 
unequally spaced nodes): 1 – interior node, 2 – shell finite 
element 
If the separator layer is not located between rigid 
pavement layers compression ratio is defined by (Totskyi 
et al. 1982): 
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where: Ei, Ei+1, hi, hi+1 are the same as in equation (11). 
For two-layer rigid pavement equation (18) is as fol-
low: 
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where: Eup, El, hup, hl are the same as in equation (13). 
Compression ratio of the separator layer between 
lower layer and stabilized base is defined as: 
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where: El, hl, Ef, hf  are the same as in equation (14). 
The stiffness of FE 262 between upper and lower 
layers of rigid pavement without the separator layer is as 
follow: 
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where: L, B, nr, nk are the same as in equation (15). 
The stiffness of FE 262 between upper and lower 
layers without the separator layer is defined as: 
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For unequally spaced nodes in a shell finite element 
model the stiffness of the interior nodes R is defined by 
the relationship: 
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where: a1, a2, b1, b2 are the same as in equation (17). 
4. Finite element results 
This part presents some typical results from the fi-
nite element rigid pavement model. All of the solutions 
presented in the following part were computed on pro-
gram LIRA. 
Edge loading of the fourwheel B747400ER, 
B7879, B7478 main gears (Table 1) was analyzed 
for the following case: 450-mm upper PCC slab (7,5- by 
7,5-m. slab dimensions, E =35300 MPa), 300-mm lower 
lean concrete slab (E = 17000 MPa), stabilized base (E = 
7800 MPa), and Winkler foundation (K = 60 MN/m3). 
The separator layer is located between rigid pavement 
layers.  
Table 1. Four-wheel main landing gears 
Aircraft B747400ER B7879 B7478 
Magnitude of 
the main gear 
static load 
969,0 kN 1167,8 kN 1053,6 kN 
Main gear 
tire pressure  
1,580 MPa 1,558 MPa 1,554 MPa 
Magnitude of 
the wheel 
load with 
dynamic 
ratio (SNiP) 
314,93 kN 379,54 kN 342,42 kN 
 
The finite element mesh for the B7879 problem is 
shown in Fig. 5. Wheel load was modeled as square load 
that has the same magnitude as the nominal tire contact 
area. 
The two-layer rigid pavement was also calculated 
by using the State norms of Ukraine (SNiP 2.05.0885). 
The bending moment is determined on the upper and 
lower slab. The maximum bending moment of upper slab 
is labeled as Mup, the maximum bending moment of low-
er slab is labeled as Ml. The results obtained in the analy-
sis are summarized in Table 2. 
The maximum bending moment of upper slab com-
puted by LIRA is more than the bending moment com-
puted by SNiP but the maximum bending moment of 
lower slab computed by LIRA is less than the bending 
moment computed by SNiP. These finite element results 
coincide with conclusions of PhD N.B. Vasyliev (Vasy-
liev 2001). 
 
Fig. 5. Finite element model of the two-layer rigid pavement 
under impact of four-wheel B-787-9 main landing gear 
Table 2. Comparative results of finite element and the State 
norms analysis 
Aircraft B747400ER B7879 B7478 
Mup  
(LIRA) 
100,18 
kN•m/m 
103,06 
kN•m/m 
103,54 
kN•m/m 
Mup  
(SNiP) 
97,80 kN•m/m 99,60 
kN•m/m 
101,40 
kN•m/m 
up 2,4% 3,5% 2,1% 
Ml  (LIRA) 12,34kN•m/m 12,63kN•m/m 13,01kN•m/m 
Ml  (SNiP) 13,95kN•m/m 14,20kN•m/m 14,50kN•m/m 
l 11,5% 11,1% 10,2% 
 
Multi-slab jointed two-layer rigid pavement model 
allows analyzing the impact of all main landing gears of 
new large aircrafts such as A380. Nine-slab and twelve-
slab jointed two-layer rigid pavement models for A380 
problem are shown in Fig. 6, 7.  
The finite element mesh for the A380 problem is 
shown in fig. 8. Impact of aircraft all main landing gears 
is not supported by the State norms (SNiP) method. 
 
Fig. 6. Nine-slab geometry and load position for the A380 gears 
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Fig. 7. 12-slab geometry and load position for the A380 gears. 
 
Fig. 8. Finite element model of the two-layer rigid pavement 
under impact of A380 all main landing gears. 
Conclusions 
Finite element model of multi-slab jointed two-layer 
rigid pavement was developed for program LIRA by 
author. Compression ratio relationships of Totskyi were 
applied to the LIRA finite element FE 262 stiffness calcu-
lation. 
Sample numerical computations were performed us-
ing the introduced finite element model in program 
LIRA. Numerical solutions were compared to other solu-
tions using the State norms method and N.B. Vasyliev 
approach.  
The introduced finite element model provides a 
practical approach of computing multi-slab jointed two-
layer rigid pavement in the general purpose program 
LIRA and takes into account such factors as multiple-
wheel interaction, finite slab size, multiple-layer con-
struction, variable joint stiffness and separator layer be-
tween upper and lower PCC slab. The using of research 
results will have to improve airfield rigid pavement de-
sign. 
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